Abstract. Given a grading by an abelian group G on a semisimple Lie algebra L over an algebraically closed field of characteristic 0, we classify up to isomorphism the simple objects in the category of finite-dimensional G-graded L-modules. The invariants appearing in this classification are computed in the case when L is simple classical (except for type D 4 , where a partial result is given). In particular, we obtain criteria to determine when a finite-dimensional simple L-module admits a G-grading making it a graded L-module.
Introduction
Let L be a semisimple finite-dimensional Lie algebra over an algebraically closed field F of characteristic 0. Suppose L = g∈G L g is a grading by an abelian group G. We want to study finite-dimensional G-graded modules over L. Since G is abelian, the universal enveloping algebra U (L) has a unique G-grading such that the canonical imbedding L → U (L) is a homomorphism of graded algebras. Thus, a graded L-module is the same as a graded U (L)-module. The following lemma is a well-known version of Maschke's Theorem in the graded setting: Lemma 1. Let A = g∈G A g be a G-graded associative algebra where G is any group. Let N ⊂ M be graded A-modules. If N admits a complement in M as an A-module then it admits a complement as a graded A-module.
Applying this to a finite-dimensional graded module W over A = U (L), we conclude that W is isomorphic to a direct sum of graded-simple A-modules. Thus we arrive to the problem of classifying graded-simple L-modules up to isomorphism. This turns out to be closely related to another natural problem: which of the Lmodules admit a G-grading that makes them graded L-modules? The first step in solving these problems is a version of Clifford Theory (see Section 3), which describes graded-simple L-modules in terms of simple (ungraded) L-modules. In this context, there appears an action of the character group G on dominant integral weights of L and what we call the graded Schur index of such a weight λ (or of the corresponding simple L-module V λ ). In order to compute the Schur index, we use the graded Brauer group of F (Section 2). This is a special case of the so-called Brauer-Long group of a commutative ring [7] , but since here the ring in question is F, an algebraically closed field, this group has a very simple structure, which allows efficient computation. To each dominant integral weight λ, we assign an element of the Brauer group, which will be called the Brauer invariant of λ (or of V λ ) and denoted Br(λ). The second step, carried out for simple Lie algebras L, is a reduction of Br(λ) for any λ to the case where λ is the sum over a G-orbit of fundamental weights. (This orbit always has length ≤ 3.) Finally, we compute these Brauer invariants in the case where L is a simple Lie algebra of type A r (r ≥ 1, Section 4), B r (r ≥ 2, Section 5), C r (r ≥ 2, Section 6) and D r (r = 3 or r > 4, Section 7), for all G-gradings on L. For type D 4 , we restrict ourselves to "matrix gradings", i.e., those induced from the matrix algebra M 8 (F). These G-gradings were classified up to isomorphism -i.e., the action of Aut(L) -in paper [1] (see also the monograph [5] and references therein) in terms of the natural module for L, which is the simple module of minimal dimension (except for B 2 and D 3 ). As a by-product, we determine which gradings in series D are "inner" and which are "outer", and classify them up to the action of Int(L). (For series A, this was already clear in [1] .)
As to the exceptional simple Lie algebras, gradings have been classified up to isomorphism for types G 2 and F 4 (see [5] and references therein). The situation is surprisingly simple in the case of G 2 , because the irreducible modules corresponding to its fundamental weights are the module of trace zero elements in the Cayley algebra and the adjoint module. Since any grading on G 2 is induced from a grading on the Cayley algebra, it follows that Br(λ) is trivial for any dominant weight λ, i.e., given any grading on G 2 by an abelian group, any module over G 2 admits a compatible grading. We do not consider the case of F 4 in this paper.
All modules in this paper will be assumed finite-dimensional over F. Unless indicated otherwise, all vector spaces, algebras, tensor products, etc. will be taken over F.
Graded Brauer group
First we briefly recall gradings by abelian groups on matrix algebras -see e.g. [8, 4, 1, 5] and references therein.
Let G be a group and let R = g∈G R g be a graded-simple finite-dimensional associative algebra over any field F. Then R is isomorphic to End D (W ) where D is a graded division algebra (i.e., every nonzero homogeneous element of D is invertible) and W is a finite-dimensional right "vector space" over D (i.e., a graded right D-module, which is automatically free). The graded algebra R has a unique graded-simple module, up to isomorphism and shift of grading. Hence, if G is abelian, the isomorphism class of the graded algebra D is determined by R. We will denote this class by [R] . Selecting a homogeneous D-basis {v 1 , . . . , v k } in W , v i ∈ W gi , and setting W = span {v 1 , . . . , v k } (over F), we can write R ∼ = C ⊗ D where C = End( W ) is a matrix algebra with an elementary grading, i.e., a grading induced from its simple module. Explicitly, the elementary grading is determined by (g 1 , . . . , g k ) as follows: deg E ij = g i g −1 j where E ij are the matrix units associated to the basis {v 1 , . . . , v k }.
Assume that F is algebraically closed. Then D is a twisted group algebra of its support T (necessarily a subgroup of G), i.e., D is spanned by elements X t , t ∈ T , such that X s X t = σ(s, t)X st where σ is a 2-cocycle of T with values in F × . The elements X t are determined up to a scalar multiple and σ up to a coboundary, but the relation X s X t = β(s, t)X t X s for all s, t ∈ T implies that the function β(s, t) = σ(s, t)/σ(t, s) is an alternating bicharacter of G (with values in F × ) and is uniquely determined by D. Moreover, R (or D) is simple if and only if β is nondegenerate, i.e., rad β := {t ∈ T | β(t, s) = 1 ∀s ∈ T } is trivial. Note that if char F = p then this condition forces |T | to be coprime with p. Finally, if G is abelian then the isomorphism class of the graded algebra D is uniquely determined by the subgroup T ⊂ G and the nondegenerate alternating bicharacter β, and, conversely, each such pair (T, β) gives rise to a graded division algebra [1] . Thus, for matrix algebras R graded by an abelian group, the classes [R] are in bijection with the pairs (T, β).
Fix an abelian group G. Given G-graded matrix algebras R 1 = End D1 (W 1 ) and R 2 = End D2 (W 2 ) as above, the tensor product R 1 ⊗ R 2 is again a G-graded matrix algebra and hence can be written in the form End D (W ). It is easy to see that D is determined by D 1 and D 2 . Indeed, writing R i = C i ⊗ D i (i = 1, 2) and Thus we obtain an abelian group, which will be called the G-graded Brauer group of F.
In order to express D in terms of D 1 and D 2 , it will be convenient to rewrite the gradings in terms of actions. The group of characters G acts on any G-graded vector space V : (1) χ * v = χ(g)v for all v ∈ V g , g ∈ G, χ ∈ G.
If char F = 0 or if char F = p and G has no p-torsion then the grading can be recovered as the eigenspace decomposition relative to this action. If R is a matrix algebra with a G-grading then each χ ∈ G acts by an automorphism of R, so there exists an invertible element u χ ∈ R such that χ * x = u χ xu − χ 1 for all x ∈ R (Noether-Skolem Theorem). Explicitly, if R = C ⊗ D as above then we can take u χ = diag(χ(g 1 ), . . . , χ(g k )) ⊗ X t where t is the unique element of T such that χ(s) = β(t, s) for all s ∈ T . Note that u χ1 u χ2 = β(t 1 , t 2 )u χ2 u χ1 . Define an alternating bicharacterβ on G (with values in F × ) by settingβ(χ 1 , χ 2 ) = β(t 1 , t 2 ). Thus we have (2) u χ1 u χ2 =β(χ 1 , χ 2 )u χ2 u χ1 for all χ 1 , χ 2 ∈ G.
This "commutation factor"β is in fact the obstruction preventing the mapping χ → u χ from being a representation of G (cf. [10] ). For our purposes, it is important that T and β can be recovered fromβ as follows: T = (radβ) ⊥ and β(t 1 , t 2 ) =β(χ 1 , χ 2 ) where χ i is any character such thatβ(ψ, χ i ) = ψ(t i ) for all ψ ∈ G (i = 1, 2). It is clear from the characterization (2) that the "commutation factor" of R 1 ⊗ R 2 is the product of those of R 1 and R 2 . Hence the class [R 1 ⊗ R 2 ] is given by T and β determined byβ =β 1β2 as above.
We can summarize this discussion by saying that the G-graded Brauer group of F is isomorphic to the group of alternating continuous bicharacters of the profinite group G 0 where G 0 is the torsion subgroup of G if char F = 0 and the p ′ -torsion subgroup of G if char F = p (i.e., the set of all elements whose order is finite and coprime with p). The topology of G 0 , which makes it a compact and totally discontinuous topological group, comes from the identification of G 0 with the inverse limit of the finite groups H where H ranges over all finite subgroup of G 0 . Equivalently, the topology of G 0 is given by the system of neighbourhoods of identity consisting of the subgroups of finite index H ⊥ for the same H. This topology allows us to retain in this setting all the usual properties of duality for finite abelian groups: we just have to restrict our attention to continuous characters G 0 → F × (where F has discrete topology) and closed subgroups of G 0 . In particular, any continuous alternating bicharacter γ : G 0 × G 0 → F × has the formβ for some nondegenerate alternating bicharacter β of the finite subgroup (rad γ)
⊥ ⊂ G 0 . The following property will be useful in the sequel:
Lemma 2. Let R be a matrix algebra over an algebraically closed field F. Suppose R is graded by an abelian group G. If ε is a homogeneous idempotent of R then εRε is a G-graded matrix algebra and
Proof. Write R = End D (W ) where D is a graded division algebra and W is a right vector space over D. Then W 0 = εW is a graded D-subspace and εRε can be identified with End D (W 0 ). The result follows.
Note that the Brauer class [R] alone does not determine R as a graded algebra, but it does so in conjunction with another invariant: the G-orbit of the multiset (i.e., a set whose elements are assigned multiplicity) {g 1 T, . . . , g k T } in G/T , where G acts on G/T by translations [1] .
To conclude this section, we make an observation that will be useful later. Any group homomorphism f : G → G ′ yields a functor F from the category of G-graded vector spaces (algebras, etc.) to that of G ′ -graded vector spaces (algebras, etc.). Namely,
, and is identical on morphisms. Since any G-graded algebra can be regarded as a G ′ -graded algebra in this way, we obtain a homomorphism from the G-graded Brauer group to the G ′ -graded Brauer group (i.e., the graded Brauer group is a covariant functor in G). In the realization of the graded Brauer group of an algebraically closed field in terms of bicharacters, this homomorphism simply mapŝ β toγ =β • (f ×f ) wheref :
The nondegenerate bicharacter γ corresponding toγ can be calculated in terms of β using the following fact.
Lemma 3. Let T be a finite abelian group and let β be a symmetric or skewsymmetric bicharacter on T . Assume that β is nondegenerate, so t → β(t, ·) is an isomorphism T → T . Letβ be the nondegenerate bicharacter on T obtained by composing β with the inverse of this isomorphism. Given a subgroup H ⊂ T , consider the restrictionγ ofβ to the subgroup H ⊥ ⊂ T . Then (radγ) ⊥ is the subgroup HH ′ ⊂ T where
Moreover, β induces a nondegenerate bicharacter γ on HH ′ /H, which correponds toγ, as follows: γ(xH, yH) = β(x, y) for all x, y ∈ HH ′ .
Clifford theory for graded modules
Let L be a semisimple finite-dimensional Lie algebra over an algebraically closed field F of characteristic 0. Given a grading L = g∈G L g by an abelian group G, we want to classify (finite-dimensional) graded-simple L-modules. When working with a specific graded L-module W , we may replace G with the subgroup generated by the supports of L and W . Thus we may assume, without loss of generality, that G is finitely generated.
The classical Clifford theory relates irreducible representations of a group and those of its normal subgroup of finite index. A similar approach can be used to describe simple modules over the smash product A#FH in terms of those of A, where A is an associative algebra and H is a finite group acting on A by automorphisms (see e.g. [9] ). To study graded L-modules, we can take A = U (L) and H = G but note that H is not necessarily finite and hence should be regarded as an algebraic group (a quasitorus) in order to have equivalence between graded L-modules and modules over the smash product U (L)#F G. Therefore, we outline here the relevant version of Clifford theory, interpreting the results in the language of gradings. Some of these ideas already appeared in relation to graded modules in [2] , where the representation theory of quantum tori was used instead of Clifford theory.
3.1.
Twisting modules by an automorphism. Since L is G-graded, the algebraic group G acts on L by automorphisms. For χ ∈ G, we will denote by α χ the corresponding automorphism of L: α χ (x) = χ * x for all x ∈ L (see (1) for the definition of * ). This automorphism extends uniquely to an automorphism of U (L) (associated with the induced G-grading), which we will denote by α χ as well. If W is a graded L-module then G also acts on W . For χ ∈ G, we denote by ϕ χ the corresponding linear transformation of W : ϕ χ (w) = χ * w for all w ∈ W . The condition L g W h ⊂ W gh translates to the following:
For any L-module V and α ∈ Aut(L), we denote by V α the corresponding twisted L-module, i.e., the vector space V with a different L-action:
Hence the group Aut(L) acts (on the right) on the set of isomorphism classes of L-modules. It is well known that, for any inner automorphism α and any L-module V , the twisted module V α is isomorphic to V , so the action of Aut(L) on the isomorphism classes of L-modules factors through the quotient group Out(L) := Aut(L)/ Int(L). In particular, the orbits are finite. Moreover, fixing a Cartan subalgebra of L and a system of simple roots, we can split the quotient map Aut(L) → Out(L) using the subgroup of diagram automorphisms. Hence the action of Aut(L) on the isomorphism classes of simple L-modules can be represented as an action of Out(L) on dominant integral weights by permuting the vertices of the Dynkin diagram and the corresponding fundamental weights ω 1 , . . . , ω r , where r = rank L. Explicitly, an element α ∈ Aut(L) can be uniquely written in the form α = α 0 τ where α 0 ∈ Int(L) and τ is a diagram automorphism, so V α λ ∼ = V τ −1 (λ) for any dominant integral weight λ, where V λ is the simple module of highest weight λ.
In particular, any χ ∈ G can be used to twist an L-module V through α = α χ . We will write V χ for V αχ . Now observe that, for a graded L-module W , equation (3) can be restated by saying that ϕ χ is an isomorphism W → W χ . Disregarding the grading of W , we can write W as the direct sum of its isotypic components:
where λ ranges over a finite set of dominant integral weights of L and W λ is a sum of copies of V λ . It follows that ϕ χ maps W λ onto W µ where µ is determined by the condition
where τ χ is the diagram automorphism representing the class of α χ in Out(L). We denote by K λ the inertia group of λ:
Note that, since χ → α χ is a homomorphism of algebraic groups G → Aut(L) and the stabilizer of λ in Aut(L) is Zariski closed (as it contains the closed subgroup Int(L) of finite index), the subgroup
λs where {λ 1 , . . . , λ s } is a G-orbit and k is a positive integer. We will show that, for any orbit, this k is uniquely determined.
3.2.
Brauer invariant and graded Schur index of a simple module. Let V = V λ be the simple module of highest weight λ and consider the corresponding homomorphism ρ : U (L) → End(V ). By Density Theorem, this is a surjection. For any χ ∈ K λ , we have V χ ∼ = V , which means that there exists u χ ∈ GL(V ) such that ρ(α χ (a)) = u χ ρ(a)u −1 χ for all a ∈ U (L). Clearly, the inner automorphism α χ (x) = u χ xu −1 χ of End(V ) is uniquely determined, so the operator u χ is determined up to a scalar multiple. Thus we obtain a representation K λ → Aut(End(V )) given by χ → α χ . In particular, the operators u χ , χ ∈ K λ , commute up to a scalar. Note that we can select a basis in End(V ) consisting of the images of homogeneous elements of U (L) (with respect to the G-grading), so the representation K λ → Aut(End(V )) is a homomorphism of algebraic groups and corresponds to a Ggrading on End(V ) where G = G/H λ . This is the unique G-grading on End(V ) such that ρ : U (L) → End(V ) is a homomorphism of graded algebras. Here U (L) is considered with the G-grading induced by the quotient map G → G (which is a coarsening of the G-grading), and the existence of the mentioned G-grading on End(V ) can also be seen from the fact that the kernel of ρ is a G-graded ideal. Recalling the description of the graded Brauer group from the previous section, we see that Br(λ) is determined by the "commutation factor" of the operators u χ (χ ∈ K λ ), i.e., the alternating bicharacterβ of K λ given by (2) .
k admits a Ggrading that makes it a graded-simple L-module if and only if k equals the Schur index of V . This G-grading is unique up to isomorphism and shift.
Proof. If W = V k admits a G-grading making it a graded L-module then End(W ) has an induced elementary grading and ρ ⊕k : U (L) → End(W ) is a homomorphism of G-graded algebras. Since ρ ⊕k has the same kernel as ρ, we see that End(W ) contains a G-graded unital subalgebra R isomorphic to End(V ). Let C be the centralizer of R in End(W ). Then C is G-graded and End(W ) ∼ = R ⊗ C as G-graded algebras. Hence Conversely, suppose k equals the Schur index. Again, write End(W ) ∼ = R ⊗ C (as algebras) where R is the image of U (L) and C is its centralizer, which is a matrix algebra of degree k and hence can be given a G-grading using any isomorphism of algebras D op → C. Then End(W ) also receives a G-grading, which is elementary since [R] [C] is trivial in the graded Brauer group. Therefore, W has a G-grading that induces the grading of End(W ). Since C is a graded division algebra, W is graded-simple as an R-module. Since R is a graded-simple algebra, it has a unique graded-simple module, up to isomorphism and shift of grading. 3.3. Induced graded space. To classify graded-simple L-modules up to isomorphism, we need another ingredient: the construction of a graded space induced from a quotient group. Let H be a finite subgroup of G and let U = g∈G U g be a G-graded vector space where
which is a G-module and thus a G-graded space. Note that, as a K-module or G-graded space, W is just the sum of s copies of U , where s = |H|. The G-grading on W can be explicitly described as follows. Take H = {χ 1 , . . . , χ s } and extend each χ i to a character of G in some way. We will denote the extensions by χ i as well, and we may assume that χ 1 is the trivial character. Then {χ 1 , . . . , χ s } is a transversal for the subgroup K in G and hence Ind
One verifies that, for any g ∈ G, the homogeneous component W g is given by
We will denote the G-graded space W = g∈G W g by Ind
for all x ∈ L, χ ∈ G and u ∈ U . One verifies that this action is well defined and turns W into a G-graded L-module. Moreover, if U is simple as a G-graded L-module and K is its inertia group then W is simple as a G-
are simple as G-graded L-modules and pairwise non-isomorphic, we conclude that there exists i such that
3.4. Classification of graded-simple modules. Let λ be a dominant integral weight. If µ ∈ Gλ then H λ = H µ (since G is abelian) and the (G/H λ )-graded algebras End(V λ ) and End(V µ ) are isomorphic (with an isomorphism induced by α χ : U (L) → U (L) for some χ ∈ G). Hence λ and µ have the same graded Schur index and Brauer invariant. Proof. We already know that, as an ungraded L-module, W can be written as
. . , χ s } be a transversal for K λ in G where χ 1 is the trivial character. We order the χ i in such a way that λ i = τ χi (λ) and hence ϕ χi maps
It follows that W 1 is graded-simple and hence k = ℓ by Proposition 5. Moreover, there exists
Recall that χ * w = ϕ χ (w) for all w ∈ W and χ ∈ G. Now fix i and χ. Then there exist unique j and χ 0 ∈ K λ such that χχ i = χ j χ 0 . Since χ 0 sends H λ to 1, we regard it as a character of G with χ 0 (g) = χ 0 (g). By definition of ϕ 1 , we have
for any u ∈ U . By definition of induced module, we have
Hence we compute, using the definition of ϕ and equation (4):
which is exactly what is required for ϕ :
then g is in the support of the graded division algebra representing [End(V λ )] and hence, by Remark 6, the G-graded L-module U
[g] is isomorphic to U . Then the above argument allows us to extend an isomorphism ϕ 1 :
Looking at the isotypic components as L-modules (disregarding the grading), we see that ϕ must map χ 1 ⊗ U onto χ 1 ⊗ U , so it restricts to an isomorphism (
Corollary 9. An L-module V admits a G-grading that would make it a graded L-module if and only if, for any dominant integral weight λ, the multiplicities of V λ1 , . . . , V λs in V are equal to each other and divisible by the graded Schur index of λ, where {λ 1 , . . . , λ s } is the G-orbit of λ.
Comparison of graded modules for two isomorphic gradings on L.
Gradings by abelian groups have been classified up to isomorphism [1, 5] for the classical simple Lie algebras except D 4 . Let us compare the theories of graded modules for two isomorphic G-gradings on a semisimple Lie algebra
We will use prime to distinguish the objects associated to Γ ′ from those associated to Γ. For any χ ∈ G, we have α
where the vertical arrows are surjective and α is an isomorphism of algebras. Clearly, α maps the G-grading of End(V λ ) induced by Γ to the G-grading of End(V µ ) induced by Γ ′ , where
We conclude that the theory of graded modules for Γ ′ can be obtained from that for Γ as long as an isomorphism α is known. In particular, if α is inner then we have H ′ λ = H λ and Br ′ (λ) = Br(λ) for all λ. For the classical simple Lie algebras of type A 1 and of series B and C, all automorphisms are inner so the H λ are trivial, and it suffices to calculate Br(λ) for one representative of each isomorphism class of gradings. For series A (except A 1 ) and D (except D 4 ), the index of Int(L) in Aut(L) is 2 so the H λ have order at most 2, and each isomorphism class of gradings consists of at most 2 orbits under the action of Int(L). Clearly, the isomorphism class of a grading Γ is one Int(L)-orbit if and only if Stab(Γ) (i.e., the group of automorphisms of L as a G-graded algebra) contains an outer automorphism. This is definitely the case if Γ is an "outer grading" (i.e., the image of G in Aut(L) contains an outer automorphism). For series A, the gradings are already classified in [1] as inner (Type I) and outer (Type II), and it is clear when two inner gradings belong to one Int(L)-orbit. For series D, this will be done in Section 7. It should be noted that type D 4 is no different from other members of the series if we restrict our attention to "matrix gradings", i.e., those that can be obtained by restricting a grading of M 8 (F) (or, equivalently, such that G fixes the isomorphism class of the natural module).
3.6. Calculation of Brauer invariants. We conclude this section by showing how, for simple Lie algebras, the calculation of Brauer invariants of all dominant integral weights can be reduced to the fundamental weights ω 1 , . . . , ω r .
Proposition 10. Let λ 1 and λ 2 be dominant integral weights of a semisimple Lie algebra L and let µ = λ 1 + λ 2 . Suppose L is equipped with a grading by an abelian group G such that
and R = End(V ). By definition of H λi , the algebra R i is (G/H λi )-graded in such a way that the surjection ρ i : U (L) → R i is a homomorphism of (G/H λi )-algebras, hence a fortiori a homomorphism of G-graded algebras. Let ρ : U (L) → R be the tensor product representation, i.e., the representation of L on V given by
If we give R a G-grading by identifying R and R 1 ⊗ R 2 in the natural way then ρ : U (L) → R is a homomorphism of Ggraded algebras. This homomorphism is not surjective, in general, so let A be its image, which is a graded unital subalgebra of R. It is known that the simple module V µ occurs in V with multiplicity 1. Let ε ∈ R be the projection of V onto V µ associated with the decomposition of V into isotypic components (as an L-module). Then ε is the identity element in the block A 0 of the semisimple algebra A associated to the A-module V µ . By definition of H µ , the kernel I of the surjection ρ :
where we have used Lemma 2.
If L is simple then Out(L) has order at most 2 in all cases except D 4 . For D 4 , we have Out(L) ∼ = S 3 so the image of the abelian group G in Out(L) has order at most 3. It follows that, in all cases, the G-orbits in the set of dominant integral weights have length at most 3, and G acts cyclically on each orbit. Consider λ = s i=1 m i ω ki where the {ω k1 , . . . , ω ks } is an orbit and m i are nonnegative integers. Since G cyclically permutes the ω ki , we have one of the following two possibilities: either all m i are equal or H λ = H ω k i (for any i). It follows that, if we know the Brauer invariant of s i=1 ω ki for each orbit, then we can compute it for any dominant integral weight using Proposition 10.
Proposition 11. Let λ 1 and λ 2 be dominant integral weights of a semisimple Lie algebra L and let µ = λ 1 + λ 2 . Suppose L is equipped with a grading by an abelian group G such that {λ 1 , λ 2 } is a G-orbit, so H µ = {e} and H λi = h , i = 1, 2, where h has order 2, and the algebra R = End(V λ1 ⊗ V λ2 ) has a G-grading by identification with
in the Ggraded Brauer group where the G-grading on R is obtained by refining the G-grading as follows:
where
are homomorphisms of G-graded algebras and the following diagram commutes:
Since α χ is an isomorphism of G-graded algebras, so are α ′ and α ′′ . Define an automorphism α : R → R (as a G-graded algebra) by setting
where, as usual, * denotes the actions of K = K λ1 = K λ2 associated to the G-gradings. Hence α 2 acts as the scalar operator χ 2 (g) on the homogeneous component R g (where we regard χ 2 as a character of G), and we obtain a G-grading on R by setting
By the same argument as in the proof of Proposition 10, we obtain Br(µ) = [R] in the G-graded Brauer group (H µ is trivial in our case). It remains to observe that
for all a ∈ R 1 and b ∈ R 2 .
The result is especially simple in the case when V λ1 and V λ2 are dual to each other.
Proposition 12. Let λ 1 and λ 2 be dominant integral weights of a semisimple Lie algebra L such that V λ2 ∼ = V * λ1 , and let µ = λ 1 + λ 2 . Suppose L is equipped with a grading by an abelian group G such that {λ 1 , λ 2 } is a G-orbit. Then Br(µ) is trivial.
Proof. We will use the notation of Proposition 11 and the abbreviations V = V λ1 and V * = V λ2 . Then we have the following commutative diagram:
where adj denotes the map sending an operator a ∈ End(V ) to its adjoint a * ∈ End(V * ), which is determined by
where ·, · is the canonical pairing between V * and V . It follows that [End(V * )] is the inverse of [End(V )] in the G-graded Brauer group. Hence the G-grading on R = End(V ⊗ V * ) is elementary. We claim that this elementary grading on R is induced from the G-grading on the vector space V ⊗ V * coming from the natural
to the inner automorphism Ad(u ψ ) of End(V ), and these inner automorphisms determine the G-grading of End(V ). Now consider χ ∈ G \ K, i.e., χ ∈ G with χ(h) = −1. We may choose the associated isomorphisms u
. Define a nondegenerate bilinear form on V as follows:
and then define a linear map ϕ : End(V ) → End(V ) by setting (ax, y) = (x, ϕ(a)y) for all x, y ∈ V, a ∈ End(V ),
i.e., ϕ(a) is the adjoint of a with respect to the bilinear form (·, ·). Clearly, ϕ is an anti-automorphism. One checks that ϕ(a)
for all a ∈ End(V ). Therefore, we have the following commutative diagram:
Since −α χ is a homomorphism of G-graded algebras, so is ϕ. Moreover, ϕ 2 acts as the scalar operator χ 2 (g) on the homogeneous component End(V ) g . It follows that we obtain a G-grading on the vector space End(V ) by setting
Since −ϕ is a Lie homomorphism, this is actually a G-grading on the Lie algebra
is a homomorphism of G-graded algebras. Finally, we claim that the operator u = (u ′′ ⊗ u ′ )τ on V ⊗ V * corresponds to ϕ on End(V ) under the natural isomorphism V ⊗ V * ∼ = End(V ). Indeed, for any z ∈ V and f ∈ V * , the element z ⊗ f corresponds to a(·) = f (·)z ∈ End(V ). For any x, y ∈ V , we compute:
proving the claim. Therefore, in our case, the G-grading on R = End(End(V )) in Proposition 11 is induced from the above G-grading on the vector space End(V ). Thus Br(µ) = [R] is trivial.
Series A
Consider the simple Lie algebra L = sl r+1 (F) of type A r , where F is an algebraically closed field of characteristic 0. Given a G-grading on L, we are going to find the Brauer invariant of every simple L-module. The parameters used in [1] (see also [5] ) to determine the G-grading on L (up to isomorphism) include what are, in our present terminology, the inertia group and the Brauer invariant of the natural module of L.
Preliminaries.
Recall that the calculation of Brauer invariants reduces to modules of the form V λ where λ is the sum of fundamental weights forming a Gorbit. The simple L-module of highest weight ω i (i = 1, . . . , r) can be realized as ∧ i V where V is the natural module of L, which has highest weight ω 1 and dimension n = r + 1.
Proposition 13. For the simple Lie algebra of type A r graded by an abelian group G and for any i = 1, . . . , r, we have Br(
Proof. Denote G = G/H ω1 , R = End(V ) and ρ : L → R the natural representation. Then the algebra R = End(V ⊗ i ) is G-graded by identification with R ⊗ i , and ρ ⊗ i : U (L) → R is a homomorphism of G-graded algebras. We identify ∧ i V with the space of skew-symmetric tensors in V ⊗ i . Let ε ∈ R be the standard projection
Then End(∧ i V ) can be identified with ε Rε. With this identification, we have ρ ∧i (a) = ερ ⊗ i (a)ε for all a ∈ U (L). Now let K be the group of characters of G. If the G-grading on R is associated to the action χ * x = u χ xu −1 χ , χ ∈ K, x ∈ R, then the grading on R is associated to the action χ * x =ũ χ xũ
Clearly,ũ χ εũ The G-grading on R then comes from the identification of R with C ⊗ D where C = End( W ). The multiset Ξ is {g 1 T, . . . , g k T } where g i = deg v i . In [1, 5] , the D-basis was chosen in such a way that g i = g j whenever g i T = g j T ; here it will be convenient not to impose this condition. Finally, the G-grading on L comes from the identification of L with the graded subspace [R, R] of R. Two Type I gradings, Γ and Γ ′ , belong to one Int(L)-orbit if and only if
Theorem 15. Let L be the simple Lie algebra of type A r over an algebraically closed field F of characteristic 0. Suppose L is graded by an abelian group G such that the image of G in Aut(L) consists of inner automorphisms (Type I grading). Then, for any dominant integral weight λ = r i=1 m i ω i , we have H λ = {e} and Br(λ) =β
× is the commutation factor associated to the parameters (T, β) of the grading on L.
Proof. Since H ωi is trivial for all i, we can apply Proposition 10:
But by Proposition 13, we have Br(ω i ) = Br(ω 1 ) i =β i . The result follows.
Corollary 16. The simple L-module V λ admits a G-grading making it a graded L-module if and only if the number r i=1 im i is divisible by the exponent of the group T .
In the first case, any simple L-module has trivial Brauer invariant and hence admits a G-grading, as expected because the grading on L is a coarsening of Cartan grading. In the second case (so-called Pauli grading on L), T has a unique nondegenerate alternating bicharacter β (defined on the generators by β(a, a) = β(b, b) = 1 and β(a, b) = β(b, a) = −1), for which β 2 = 1. Hence Br(mω 1 ) is trivial for even m and equalsβ for odd m. In particular, the simple L-modules of even highest weight admit a G-grading but those of odd highest weight do not: they have graded Schur index 2.
4.3.
Outer gradings on sl r+1 (F). If r > 1 then there exist gradings of Type II, i.e., such that the image of G in Aut(L) contains an outer automorphism. Every such grading has a distinguished element h ∈ G of order 2, which is characterized by the property that the corresponding G-grading is of Type I, where G = G/ h . (Using our present notation, we have H ω1 = h .) Gradings of Type II with a fixed distinguished element h are classified by the corresponding G-graded algebras R equipped with an anti-automorphism ϕ representing (the negative of) the action of a fixed χ ∈ G with χ(h) = −1. Namely, the Type II grading on L corresponding to (R, ϕ) comes from the identification of L with the graded subspace [R, R] of the Lie algebra R (−) equipped with the G-grading given by (5). The existence of ϕ forces T ⊂ G to be an elementary 2-group, where T is the support of the graded division algebra D representing [R] in the G-graded Brauer group. Moreover, for any x ∈ R, ϕ(x) is the adjoint of x with respect to a suitable nondegenerate F-bilinear form B : W × W → D which is D-sesquilinear relative to an involution of the graded algebra D (see [4] or [5] ). To write ϕ explicitly, we can fix a "standard realization" of D as a matrix algebra in the following way. To simplify notation, we temporarily omit bars and write T instead of T . Select a symplectic basis {a j } ∪ {b j } of T (as a vector space over the field of two elements) with respect to the nondegenerate alternating bicharacter β : T × T → F × , i.e., β(a j , b j ) = −1 and all other values of β on basis elements are equal to 1. Then we can take D = M 2 (F) ⊗ · · · ⊗ M 2 (F) with the following T -grading:
, where the indicated matrix appears in the j-th factor, and
Note that we have t X aj = X −1 aj = X aj and t X bj = X −1 bj = X bj for all j, and hence (6) t X s = X −1 s = β(s)X s for all s ∈ T , where β : T → {±1} is a quadratic form on T (as a vector space over the field of two elements) whose polar bilinear form is β(·, ·), i.e., β(s, t) = β(st)β(s)β(t) for all s, t ∈ T .
Remark 18. This matrix realization of D can be presented in a concise way if we write T = A × B, where A = a j and B = b j , and take for N the vector space FB = span {e b | b ∈ B} with the following action of D:
Lemma 19. If |T | = 4 then det(X t ) = 1 for all t ∈ T . If |T | = 4 then det(X t ) = β(c, t) for all t ∈ T , where c = ab.
Fix a standard matrix realization of D. Adjusting the sesquilinear form B, we may assume that the involution of D is the matrix transpose. Selecting a suitable homogeneous D-basis {v 1 , . . . , v k } in W , deg v i = g i , we may assume that
, where q + 2s = k, g 0 ∈ G, t i ∈ T , and the sesquilinear form B is represented by the following block-diagonal matrix:
where µ i ∈ F × and I = X e ∈ D (see [4] or [5, Theorem 3 .31]). The element g 0 has the meaning of the degree of B as a linear map W ⊗ W → D. The scalars µ i can be expressed in terms of a single scalar µ 0 satisfying µ
q+2i−1 ). The gradings of Type II with distinguished element h are classified by the graded division algebra D, the multiset Ξ = {g 1 T , . . . , g k T }, and the elements µ 0 ∈ F × and g 0 ∈ G (see [1] or [5, Theorem 3.53] ). Identifying R with M k (D) through the D-basis {v 1 , . . . , v k } and using the fixed matrix realization of D, we can write the anti-automorphism ϕ in matrix form as follows:
where t X is the transpose of X. Note that ϕ(X) is the adjoint of X with respect to the nondegenerate bilinear form (v ′ , v ′′ ) Φ = t v ′ Φv ′′ on V , which can also be expressed, using the identification V = W ⊗ D N = W ⊗ N , as follows:
where the expression in the right-hand side is matrix product (using the fixed matrix realization of D).
Recall that the action of a character ψ of G on the G-graded algebra R is given by ψ * x = u ψ xu
and t ∈ T is determined by the condition β(t,s) = ψ(s) for alls ∈ T .
Lemma 20. For any ψ ∈ G with ψ(h) = 1, we have (
Proof. It is sufficient to verify t u ψ Φu ψ = ψ(g −1 0 )Φ, which follows from orthogonality of X t and the equations
for each i = 1, . . . , q, as well as the equations ψ(g q+2j−1 )ψ(g q+2j ) = ψ(g −1 0 ), for each j = 1, . . . , s.
We will need the following notation to state our main result on Type II gradings. Let ℓ be the G-graded Schur index of V , so ℓ is a power of 2, |T | = ℓ 2 and dim V = n = kℓ. If n is even, then set
where, for ℓ = 2,c is the element of T as in Lemma 19 (c =āb where {ā,b} is the selected basis of T ). Note that relations (7) imply thath ′ has order at most 2 and depends only on g 1 , . . . , g q .
Theorem 21. Let L be the simple Lie algebra of type A r (r > 1) over an algebraically closed field F of characteristic 0. Suppose L is graded by an abelian group G such that the image of G in Aut(L) contains outer automorphisms and hence H ω1 = h for some h ∈ G of order 2 (Type II grading with distinguished element h). Let K = K ω1 = h ⊥ and fix χ ∈ G \ K (i.e., χ(h) = −1). Then, for a dominant integral weight λ = r i=1 m i ω i , we have the following possibilities:
for all ψ ∈ G, whereβ is the commutation factor associated to the parameters (T , β) of the grading on L and h ′ ∈ G is the unique element satisfying χ(h ′ ) = 1 in the coseth ′ defined by (11). The order of h ′ is at most 2.
Proof. Since χ acts by an outer automorphism, we have V r+1−i ∼ = V χ i . The G-orbits in the set of fundamental weights are the pairs {ω i , ω r+1−i }, i = 1, . . . , ⌊r/2⌋, and, if r is odd, also the singleton {ω (r+1)/2 }.
1) In this case, we actually deal with a Type I grading by G = G/ h , so Theorem 15 applies.
Since H ωi+ωr+1−i is trivial for all i, we can apply Proposition 10:
Since V ωi and V ωr+1−i are dual to each other, Proposition 12 gives the result.
by Propositions 10 and 12. It remains to consider the module V ωp = ∧ p V for p = r+1 2 and compute the associated commutation factorγ : G × G → F × . The restriction ofγ to K ×K is equal toβ p according to Proposition 13. Sinceγ(χ, χ) = 1, it suffices to show thatγ(χ, ψ) = ψ(h ′ ) for all ψ ∈ K. By definition of the commutation factor, we have (12)ũ χũψ =γ(χ, ψ)ũ ψũχ ,
We can take forũ ψ the mapping
where u ψ is given by (10). We will now describeũ χ .
Let
Then, for any a ∈ R, ϕ(a) is the adjoint of a with respect to the bilinear form (x, y) = u ′ x, y on V -see the proof of Proposition 12 (with λ 1 = ω 1 ). Multiplying u ′ by a scalar if necessary, we may assume that (x, y) Φ = u ′ x, y for all x, y ∈ V . Letũ be the induced isomorphism (∧ p V )
through the canonical pairing
Hence ũx, y = (x, y) Φ for all x, y ∈ ∧ p V , where the bilinear form (·, ·) Φ is defined on ∧ p V as follows:
Note that, by Lemma 20, we have
. By construction, we have
Finally, we can calculateγ(χ, ψ) using equation (12). For any x, y ∈ ∧ p V , on the one hand, we obtain
where we have used (13). On the other hand, we obtain
Taking into account Lemma 19 and recalling that β(c, t) = ψ(c) by definition of u ψ , we obtain
. Let h ′ be one of the two elements in the coseth
Remark 22. If r ≡ 3 (mod 4) thenβ (r+1)/2 = 1 and the support T of the graded division algebra representing Br(ω (r+1)/2 ) is {e} if h ′ = e and h, h
Remark 23. If r ≡ 1 (mod 4) thenβ (r+1)/2 =β and the support T of the graded division algebra representing Br(ω (r+1)/2 ) is T ifh ′ ∈ T and T × h, h
(orthogonal sum relative to γ) ifh ′ / ∈ T , where T is regarded as a subgroup of G by identifying t ∈ T with the unique element t in the coset t satisfying χ(t) = β(h ′ , t) in the caseh ′ ∈ T and χ(t) = 1 in the caseh
If this is the case, then radγ = radβ,χ whereχ = χψ 0 and ψ 0 is any element of K satisfying ψ 0 | T = β(h ′ , ·). Let H be the pre-image of T under the quotient map G → G, so
∈ radβ andχ 2 ∈ radβ), so T is precisely the isomorphic copy of T in G obtained as indicated.
The definition ofγ(·, ·) and the fact thatγ(χ, ψ) = ψ(h ′ ) for all ψ ∈ G imply that γ(t, h ′ ) = χ(t) for all t ∈ T . In particular, γ(h, h ′ ) = −1 and hence the restriction of γ(·, ·) to h, h ′ is nondegenerate. Also, ψ(h) = γ(χ ′ , ψ) for all ψ ∈ G, where χ ′ ∈ radβ. It follows that T = T × h, h ′ , where T is a subgroup of G obtained as indicated.
Corollary 24. The simple L-module V λ admits a G-grading making it a graded L-module if and only if 1) for all i, m i = m r+1−i and 2) either r is even or r is odd and one of the following conditions is satisfied:
Series B
Consider the simple Lie algebra L = so 2r+1 (F) of type B r , r ≥ 2, where F is an algebraically closed field of characteristic 0. In this case all automorphisms of L are inner. For a given G-grading on L, we are going to find the Brauer invariants of all simple L-modules.
In [1] , the G-gradings on L are classified in terms of the corresponding G-graded algebras R = End(V ) equipped with an orthogonal involution ϕ where V is the natural module of L, which has highest weight ω 1 and dimension n = 2r + 1. Namely, the grading on L corresponding to (R, ϕ) comes from the identification of L with the graded subspace K(R, ϕ) = {x ∈ R | ϕ(x) = −x}.
The existence of the involution ϕ forces T ⊂ G to be an elementary 2-group, where T is the support of the graded division algebra D representing [R] in the Ggraded Brauer group. But |T | is a divisor of the odd number n, hence T = {e}, i.e., the Brauer invariant of the natural module is trivial. In other words, the G-grading on R = End(V ) is induced by some G-grading V = g∈G V g , which is determined up to a shift. Since, for i = 1, . . . , r − 1, the simple L-module of highest weight ω i can be realized as ∧ i V , which has a natural G-grading induced from V , we see that the Brauer invariants of all fundamental weights, except possibly ω r , are trivial. The simple L-module V ωr is called the spin module and can be constructed in the following way, using the Clifford algebra Cl(V, Q) where Q is the quadratic form associated to the orthogonal involution ϕ.
For any x ∈ R, ϕ(x) is the adjoint of x with respect to a nondegenerate symmetric F-bilinear form B : V × V → F. Selecting a suitable homogeneous basis {v 1 , . . . , v n } in V , deg v i = g i , we may assume that
, where q + 2s = n, g 0 ∈ G, and the bilinear form B is represented by the following block-diagonal matrix:
where the number of 1's is q (see [4] or [5, Theorem 3 .42]). The element g 0 has the meaning of the degree of B as a linear map V ⊗ V → F. Since q is odd, we have q ≥ 1 and hence g 0 is a square in G, so we may, and will, shift the G-grading on V so that g 0 becomes e. The G-gradings on L are classified by the multiset Ξ = {g 1 , . . . , g n } (see [1] or [5, Theorem 3.65]).
Remark 25. Since F is algebraically closed, we may take, at the expense of adding blocks ( 0 1 1 0 ), the elements g 1 , . . . , g q to be distinct. The quadratic form Q is given by Q(v) = Recall that the Clifford algebra Cl(V ) = Cl(V, Q) of a quadratic space (V, Q) is the quotient of the tensor algebra T (V ) by the ideal generated by the elements v ⊗ v − Q(v)1, for all v ∈ V . We will denote by x · y the product of elements in Cl(V ). The algebra Cl(V ) is naturally graded by Z 2 : Cl(V ) = Cl0(V ) ⊕ Cl1(V ), with V contained in the odd part.
The Lie algebra so(V, Q) imbeds in Cl(V, Q) (−) (actually, in its even part) as the
and the linear maps · . In the case at hand, dim V is odd, so the even Clifford algebra Cl0(V ) is simple, and its unique (up to isomorphism) irreducible module is the spin module of L.
The G-grading on V induces a G-grading on T (V ), and the elements v⊗v−Q(v)1 are homogeneous because B is a homogeneous map V ⊗ V → F of degree e. Hence Cl(V ) inherits a G-grading from T (V ), and V imbeds in Cl(V ) as a graded subspace. The G-grading and the Z 2 -grading on Cl(V ) are compatible in the sense that the homogeneous components of one are graded subspaces with respect to the other. Since the G-gradings on L and on Cl0(V ) are both induced from V , the imbedding ρ : L → Cl0(V ) (−) is a homomorphism of G-graded algebras.
Recall that, for χ ∈ G, the action of χ on V is given by the matrix:
and the action of χ on R and L is the conjugation by u χ . Let λ i = χ(g i ). Note that equation (14), with g 0 = e, implies that λ 2 i = 1 for i = 1, . . . , q and λ q+2j−1 λ q+2j = 1 for j = 1, . . . , s. Thus u χ is in the orthogonal group O(V, Q). Note that the square of the element g 1 · · · g q is e, so we may shift the grading on V by this element and still have g 0 = e. Therefore, we may assume without loss of generality that g 1 · · · g q = e. Then we have λ 1 · · · λ q = 1 and hence det(u χ ) = λ 1 · · · λ q+2s = 1, i.e., u χ is actually in the special orthogonal group SO(V, Q).
For any χ ∈ G, the orthogonal transformation u χ induces an automorphism Cl(u χ ) of Cl(V, Q) whose restriction to V is u χ . This automorphism gives the action of χ on the G-graded algebra Cl(V, Q) and on its graded subalgebra Cl0(V, Q).
Since u χ ∈ SO(V, Q), there is an element s χ ∈ Spin(V, Q), unique up to sign,
where τ is the canonical involution of Cl(V, Q), i.e., the unique involution whose restriction to V is the identity. Given isotropic elements u, v ∈ V with B(u, v) = 1, and a nonzero scalar α ∈ F, the element
commutes with all the vectors in V orthogonal to u and v, and satisfies 
Note that there is an even number of indices i with
But for u, v as above and 0 = α, β ∈ F, we have
Also, if u 1 , . . . , u m are orthogonal elements and I, J are two subsets in {1, . . . , m} of even size, then u I · u J = (−1) |I∩J| u J · u I where u I = i∈I u i and u J = i∈J u i .
It follows that, for any χ 1 , χ 2 ∈ G,
By construction, the conjugation by s χ is the automorphism Cl(u χ ) of Cl(V ), for all χ ∈ G, so the commutation factorγ is precisely Br(ω r ) = [Cl0(V )].
The following result, which will be used in Section 7, can be obtained by arguments similar to the above computation ofγ.
Lemma 26. Let (V, Q) be a quadratic space of even dimension over a field of characteristic different from 2. Let u 1 , u 2 ∈ O(V, Q) be commuting semisimple elements. Since Cl(V, Q) is central simple, there exist invertible elements s 1 , s 2 ∈ Cl(V, Q), unique up to scalar, such that Cl(u i )(x) = s i · x · s It is convenient to introduce some notation before we state our main result for Series B. As mentioned above, a G-grading on L is determined by a multiset Ξ = {g 1 , . . . , g 2r+1 } satisfying (14) with g 0 = e. For i = 1, . . . , q, set
Theng
2 i = e andg 1 · · ·g q = e. Consider the group homomorphism
Note that the image of f Ξ is contained in the hyperplane (Z q 2 ) 0 determined by the equation
Note that this is a symmetric bilinear form whose restriction to (Z q 2 ) 0 is alternating and nondegenerate.
Theorem 27. Let L be the simple Lie algebra of type B r (r ≥ 2) over an algebraically closed field F of characteristic 0. Suppose L is graded by an abelian group G. Then, for any dominant integral weight λ = r i=1 m i ω i , we have H λ = {e} and Br(λ) =γ mr , whereγ :
•fΞ(χ2) with f Ξ as in (20) associated to the parameter Ξ of the grading on L.
But Br(ω i ) = 1 for all i < r and Br(ω r ) =γ according to (19) in which we substitutẽ
Remark 28. The support of the graded division algebra representing [Br(ω r )] is the subgroup of g 1 , . . . ,g q given by
Thus, it is an elementary 2-group of (even) rank ≤ q − 1.
Define a homomorphism α : T → G by α(e i ) =g i where {e 1 , . . . , e q } is the standard basis of Z q 2 . Let H = ker α. We can identify T with T using the standard basis. Then H ⊥ ⊂ T is precisely the image of f Ξ . The result now follows from Lemma 3 using β(x, y) =β(x, y) = (−1)
x•y and regardingγ of Theorem 27 as a bicharacter on the image of f Ξ .
Alternatively, let Q = g 1 , . . . ,g q , so
and, in particular,
where prime denotes the orthogonal subspace relative to the nondegenerate symmetric bilinear form
where in the last equation we used (21).
Corollary 29. The simple L-module V λ admits a G-grading making it a graded L-module if and only if m r is even or the elementsg 1 , . . . ,g q have the following property: for any
Series C
Consider the simple Lie algebra L = sp 2r (F) of type C r , r ≥ 2, where F is an algebraically closed field of characteristic 0. In this case all automorphisms of L are inner. For a given G-grading on L, we are going to find the Brauer invariants of all simple L-modules.
In [1] , the G-gradings on L are classified in terms of the corresponding G-graded algebras R = End(V ) equipped with a symplectic involution ϕ where V is the natural module of L, which has highest weight ω 1 and dimension n = 2r. Namely, the grading on L corresponding to (R, ϕ) comes from the identification of L with the graded subspace K(R, ϕ) = {x ∈ R | ϕ(x) = −x}.
The existence of the involution ϕ forces T ⊂ G to be an elementary 2-group, where T is the support of the graded division algebra D representing [R] in the G-graded Brauer group. Although the isomorphism class of a grading on L is not determined by the parameters (T, β) of D (see [1] or [5, Theorem 3 .69]), it turns out that these are all we need to obtain the Brauer invariants of all simple L-modules. The reason is that, for any i = 1, . . . , r, the simple L-module of highest weight ω i is contained with multiplicity 1 in ∧ i V (see e.g. [3, VIII, Section 13], where it is shown that ∧ i V ∼ = V ωi ⊕ ∧ i−2 V ), so we can express its Brauer invariant in terms of that of V .
Proposition 30. For the simple Lie algebra of type C r graded by an abelian group G and for any i = 1, . . . , r, we have Br(ω i ) = Br(ω 1 ) i in the G-graded Brauer group.
Proof. Denote R = End(V ) and ρ : L → R the natural representation. As in the proof of Proposition 13, the algebra R = End(V ⊗ i ) is G-graded by identification with R ⊗ i , and ρ ⊗ i : U (L) → R is a homomorphism of G-graded algebras. Moreover, identifying End(∧ i V ) with ε Rε where ε :
Rε is a homomorphism of G-graded algebras. Let ε 0 ∈ εRε be the projection of ∧ i V onto V ωi associated to the decomposition of ∧ i V into isotypic components (as an L-module). As in the proof of Proposition 10, we see that ε 0 is homogeneous and ε 0 Rε 0 ∼ = End(V ωi ) as G-graded algebras. Therefore,
Theorem 31. Let L be the simple Lie algebra of type C r (r ≥ 2) over an algebraically closed field F of characteristic 0. Suppose L is graded by an abelian group G. Then, for any dominant integral weight λ = r i=1 m i ω i , we have H λ = {e} and Br(λ) =β
But by Proposition 30, we have Br(ω i ) = Br(ω 1 ) i =β i . Also,β 2 = 1. The result follows.
Corollary 32. The simple L-module V λ admits a G-grading making it a graded L-module if and only if T = {e} or the number
Series D
Consider the simple Lie algebra L = so 2r (F) of type D r , r ≥ 3, where F is an algebraically closed field of characteristic 0. The natural module V of L has highest weight ω 1 and dimension n = 2r. Suppose L is given a G-grading. In the case r = 4, assume that this is a matrix grading, i.e., the action of G fixes ω 1 . Our goal is to find the Brauer invariants of all simple L-modules. In [1] , the G-gradings on L are classified in terms of the corresponding G-graded algebras R = End(V ) equipped with an orthogonal involution ϕ. Namely, the grading on L corresponding to (R, ϕ) comes from the identification of L with the graded subspace K(R, ϕ) = {x ∈ R | ϕ(x) = −x}.
Preliminaries.
The existence of the involution ϕ forces T ⊂ G to be an elementary 2-group, where T is the support of the graded division algebra D representing [R] in the Ggraded Brauer group. Moreover, for any x ∈ R, ϕ(x) is the adjoint of x with respect to a suitable nondegenerate F-bilinear form B : W ×W → D which is D-sesquilinear relative to an involution of the graded algebra D. Here, as in Subsection 4.2, W is a right vector space over D such that R = End D (W ) as a G-graded algebra. Recall that V can be identified with W ⊗ D N where N is the natural left (ungraded) module for D, ℓ = dim N is the graded Schur index of V and |T | = ℓ 2 . Fix a standard matrix realization of D as described at the beginning of Subsection 4.3. Adjusting the sesquilinear form B, we may assume that the involution of D is the matrix transpose. Selecting a suitable homogeneous D-basis {v 1 , . . . , v k } in W , deg v i = g i , we may assume that
where q + 2s = k, g 0 ∈ G, t i ∈ T , and the sesquilinear form B is represented by the following block-diagonal matrix:
(23) Φ = diag X t1 , . . . , X tq , ( 0 I I 0 ) , . . . , ( 0 I I 0 ) , where I = X e ∈ D and all X ti are symmetric (see [4] or [5, Theorem 3 .42]). The element g 0 has the meaning of the degree of B as a linear map W ⊗ W → D. For r = 4, the G-gradings on L are classified by the graded division algebra D, the multiset Ξ = {g 1 T, . . . , g k T }, and the element g 0 ∈ G (see [1] or [5, Theorem 3 .74]). The same proof works for matrix gradings in the case r = 4. Note, however, that this classification is up to isomorphism (matrix isomorphism in the case r = 4), so one set of parameters may correspond to one or two Int(L)-orbits in the set of G-gradings on L.
For i = 1, . . . , r − 2, the simple L-module of highest weight ω i can be realized as ∧ i V , whose Brauer invariant can be computed in the same way as in Proposition 13. Thus, for i < r − 1, we have H ωi = H ω1 = {e} and Br(ω i ) = Br(ω 1 )
i in the G-graded Brauer group. As to the simple L-modules V ωr−1 and V ωr , which are called the half-spin modules, they are fixed by the automorphisms of L given by x → uxu −1 with u ∈ SO(V, Q) and permuted by such automorphisms with u ∈ O(V, Q) \ SO(V, Q). Here Q is the quadratic form associated to the involution ϕ, namely, (9) . To calculate H ωr−1 = H ωr , it will be convenient to work with similitudes of
is an automorphism of L; it fixes the half-spin modules if f is proper and swaps them if f is improper. For any χ ∈ G, the action of χ on R is the conjugation by the matrix
where the element t ∈ T is such that χ(s) = β(t, s) for any s ∈ T . By Lemma 20 (with G instead of G), u χ is a similitude of multiplier χ(g 0 ) −1 . On the other hand,
and kℓ = n = 2r.
Lemma 33. For the similitude u χ given by (24), we have:
• If |T | > 4, then u χ is proper for any χ ∈ G.
• If |T | = 4, so T = {e, a, b, c = ab}, with X a and X b symmetric, then u χ is proper if and only if χ(h) = 1, where
• If |T | = 1, then u χ is proper if and only if χ(h) = 1, where h = g r 0 g 1 · · · g k . (Note that relations (22) imply that h has order at most 2 and depends only on g 1 , . . . , g q .)
Proof. If |T | > 4, then det(X t ) = 1 for any t by Lemma 19, and
This proves the first part. If |T | = 4, then k = r, and the computations above give
so for even k, u χ is proper if and only if χ(t 1 · · · t q ) = 1, while for odd k, u χ is proper if and only if χ(t 1 · · · t q ) = det(X t ), and, by Lemma 19, det(X t ) = β(c, t) = χ(c), whence the result. If |T | = 1, then u χ is proper if and only if χ(
Definition 34. The distinguished element of a G-grading on so 2r (F) is the element h ∈ G of order at most 2 defined by
if |T | = 4 and r is even,
The half-spin modules V ωr−1 and V ωr can be constructed using the Clifford algebra Cl(V ) = Cl(V, Q) in the following way. The algebra Cl(V ) is simple but its even part Cl0(V ) is a direct sum of two simple ideals. The center of Cl0(V ) is
where z is the element, unique up to sign, in Spin(V, Q) that satisfies z · v = −v · z for any v ∈ V . If {v 1 , . . . , v 2r } is an orthogonal basis with Q(v i ) = 1 for all i, then we may take z = ±v 1 · · · v 2r . Thus, conjugation by z gives the automorphism Υ of Cl(V ) associated to the Z 2 -grading, i.e., Υ is id on Cl0(V ) and −id on Cl1(V ). Note that z 2 = (−1) r 1. Moreover, the center of Spin(V, Q) is
For even r, the elements ε ± := 1±z 2 are central idempotents of Cl0(V ), so Cl0(V ) = Cl0(V )ε + ⊕ Cl0(V )ε − is the decomposition of the even Clifford algebra as the direct sum of simple ideals. For odd r, the elements
Let S ± be the unique (up to isomorphism) irreducible module for Cl0(V )ε ± . Denote by π ± : Cl0(V ) → Cl0(V )ε ± ∼ = End(S ± ), x → xε ± , the projections on each of the simple ideals. Hence,
Recall that the Lie algebra L = so(V, Q) imbeds in Cl0(V, Q) as the subspace [V, V ] · (see (16) and (17) where we have to substitute the bilinear form (·, ·) Φ for B). This gives a Lie algebra homomorphism ρ : L → Cl(V ) (−) . Composing ρ with π ± , we get the two half-spin representations ρ ± , and we may identify S + with V ωr−1 and S − with V ωr or vice versa, depending on the choice of the sign for z.
7.2. G-grading on the even Clifford algebra. We want to construct a Ggrading on Cl0(V ) such that ρ is a homomorphism of G-graded algebras. Since S + and S − are non-isomorphic irreducible L-modules, the image of the extension ρ : U (L) → Cl(V ) is the entire Cl0(V ), so the G-grading on Cl0(V ) will be uniquely determined by this property.
Given a similitude f of multiplier µ on a quadratic space (V, Q) and a square root µ 1/2 , we have µ −1/2 f ∈ O(V, Q), and hence there is an automorphism
Note that the restriction of Cl(µ −1/2 f ) to the even part Cl0(V, Q) does not depend on the choice of the square root. Thus we obtain a homomorphism from the group of similitudes GO(V, Q) to Aut(Cl0(V, Q)). In fact, this is a homomorphism of algebraic groups because it can be defined without using square roots in the following way. First, Cl0(V, Q) can be defined as the quotient T (V ⊗ V )/I 1 (Q) + I 2 (Q), where I 1 (Q) is the ideal generated by the elements v ⊗ v − Q(v)1 for v ∈ V , and I 2 (Q) is the ideal generated by the elements u ⊗ v ⊗ v ⊗ w − Q(u)u ⊗ w, for u, v, w ∈ V (see e.g. [6, Lemma 8.1]). Then, for a similitude f of multiplier µ, the restriction of the above mapping
The extension of this latter to T (V ⊗ V ) leaves I 1 (Q) and I 2 (Q) invariant and hence induces an automorphism of Cl0(V, Q), which coincides with
For any χ ∈ G, u χ is a similitude of multiplier χ(g 0 ) −1 (Lemma 20), so we fix a square root of χ(g 0 ) and consider the automorphismα
· for all u, v ∈ V . As usual, let α χ be the action of χ on L.
Lemma 35. For any χ ∈ G, we have ρα χ =α χ ρ.
Proof. For any u, v, w ∈ V , we compute:
which proves the result.
For any χ 1 , χ 2 ∈ G, we have u χ1 u χ2 =β(χ 1 , χ 2 )u χ2 u χ1 , whereβ = Br(ω 1 ) is the commutation factor of the natural module V = V ω1 , which takes values in {±1}. Thus the restriction to V ofα χ1αχ2 equals the restriction to V ofβ(χ 1 , χ 2 )α χ2αχ1 . Therefore, the commutator ofα χ1 andα χ2 in the group Aut(Cl(V )) is given by (27) [
where Υ is the automorphism of Cl(V ) associated to the Z 2 -grading. Note that, in any case, the restrictionsα χ1 | Cl0(V ) andα χ2 | Cl0(V ) commute. We claim that the mapping G → Aut(Cl0(V )) sending χ toα χ | Cl0(V ) is a homomorphism of algebraic groups. Indeed, this mapping is the composition of two homomorphisms: Corollary 36. The homomorphism of algebraic groups G → Aut(Cl0(V )) given by
endows Cl0(V ) with a G-grading such that the imbedding ρ :
We can now obtain relations between the Brauer invariants of the half-spin modules and that of the natural module. Let H = H ωr−1 = H ωr . Then the G-grading on for all x ∈ Cl(V, Q). It follows from s·V ·s −1 = V that the element s must be even or odd; moreover, it can be normalized so that s · τ (s) = 1 where τ is the canonical involution of Cl(V, Q). If u ∈ SO(V, Q) then s is even, so it be taken in Spin(V, Q). Also, the conjugation by the element π ± (s) = sε ± is the restriction of Cl(u) to the simple ideal Cl0(V, Q)ε ± ∼ = End(S ± ). If u / ∈ SO(V, Q) then s is odd and Cl(u) swaps the simple ideals Cl0(V, Q)ε ± .
Lemma 38. For any χ ∈ G, fix an invertible element s χ ∈ Cl(V ) such thatα χ is the conjugation by s χ . Then the group commutator [s χ1 ,
belongs to {±1} ifβ(χ 1 , χ 2 ) = 1 and to {±z} ifβ(χ 1 , χ 2 ) = −1, with z as in (25).
Proof. The element [s χ1 , s χ2 ] is even and independent of the choice of s χ . It follows that [s χ1 , s χ2 ] ∈ Spin(V, Q). By (27), the conjugation by [s χ1 , s χ2 ] is id if β(χ 1 , χ 2 ) = 1 and Υ ifβ(χ 1 , χ 2 ) = −1. The result follows.
The following proposition is reminiscent of Theorem 9.12 in [6] , which deals with the ordinary Brauer group of the field F (which is there of arbitrary characteristic and, of course, not assumed algebraically closed). Proof. Let K = H ⊥ ⊂ G and letγ ± : K × K → F × be the commutation factors of the half-spin modules S ± . For any χ ∈ K, the element s χ is even, so the conjugation by π ± (s χ ) = s χ ε ± is the restriction ofα χ to the simple ideal Cl0(V )ε ± ∼ = End(S ± ). For χ 1 , χ 2 ∈ K, we haveγ ± (χ 1 , χ 2 ) = [π ± (s χ1 ), π ± (s χ2 )].
• Ifβ(χ 1 , χ 2 ) = 1, then Lemma 38 tells us that [s χ1 , s χ2 ] is either 1 or −1, henceγ
• Ifβ(χ 1 , χ 2 ) = −1, then Lemma 38 tells us that [s χ1 , s χ2 ] is either z or −z.
Taking into account (26), we see: -If r is even, then z acts as id on S + and −id on S − , hencê
-If r is odd, then z acts as √ −1id on S + and as − √ −1id on S − , hencê
The result follows.
Corollary 40. Br(ω r−1 ) = Br(ω r ) if and only if Br(ω 1 ) = 1.
7.3.
Inner gradings on so 2r (F). Assume that the given grading on L = so 2r (F) is inner, i.e., the similitudes u χ are proper for all χ ∈ G. Recall that this happens if and only if h = e where h ∈ G is the distinguished element (see Definition 34).
We will now determine the commutation factors γ ± : G × G → F × of the halfspin modules S ± of L. First we calculateγ ± (χ 1 , χ 2 ) in a special case. Recall the quadratic form β : T → {±1} defined by equation (6) .
Lemma 41. For any χ ∈ G, fix a square root χ(g 0 ) 1/2 and an invertible element
is the conjugation by s χ . Consider χ, ψ ∈ G such that the similitudes u χ and u ψ are proper and β(t ′ ) = β(t ′′ ) = β(t ′ , t ′′ ) = 1 where χ| T = β(t ′ , ·) and ψ| T = β(t ′′ , ·). Then the group commutator [s χ , s ψ ], which does not depend on the choice of the square roots, can be calculated as follows:
• If |T | > 16, then [s χ , s ψ ] = 1.
• 
|{1≤i≤q | λi=µi=−1}| , with λ i and µ i as above.
Proof. First of all, changing the square root χ(g 0 ) 1/2 is tantamaunt to replacing s χ by zs χ , but [zs χ , s ψ ] = [s χ , s ψ ] since s ψ is even. Recall that
Since t ′ , t ′′ is a totally isotropic subspace of T with respect to the quadratic form β(·), Witt Extension Theorem implies that we may choose totally isotropic subspaces A and B such that T = A × B and t ′ , t ′′ ∈ A. Then we can pick a symplectic basis {ã j } ∪ {b j } of T with A = ã j and B = b j . We use tildes to distinguish from the symplectic basis associated to the standard matrix realization of D leading to equations (22) δij X bj X aj (Kronecker delta) are defining relations for D, the mapping X aj → Xã j , X bj → Xb j extends to an automorphism of D and thus leads to a new matrix realization of D, in which the elements X t ′ and X t ′′ are diagonal. Namely, using the notation N = F B as in Remark 18, we have
. . , k, we obtain:
Relations (22) imply that λ 2 i = χ(t i ) for i = 1, . . . , q and λ q+2j−1 λ q+2j = 1 for j = 1, . . . , s, and similarly for the µ i . It follows that we have χ( A) = 1 and ψ( A) = 1, so we may replace the restrictions of χ| B and ψ| B by χ| T and ψ| T , respectively, in the above conditions.
Consider the case |T | = 1. The G-grading on L is induced by a G-grading on the natural module V = V ω1 and is determined by g 0 ∈ G and a multiset Ξ = {g 1 , . . . , g 2r } satisfying (14). Note that q is even. Let 1 = (1, . . . , 1) ∈ Z q 2 and consider the map
Note that this map does not depend on the choice of the square roots and is a homomorphism of groups. Since h = g q/2 0 g 1 · · · g q = e, the image of f Ξ,g0 is contained in (Z q 2 ) 0 / 1 where (Z q 2 ) 0 is the hyperplane determined by the equation
Note that this is a symmetric bilinear form whose restriction to (Z q 2 ) 0 is alternating and degenerate. The radical of this restriction is precisely 1 , so we obtain an alternating nondegenerate form on (Z q 2 ) 0 / 1 , which we still denote by x • y. By Lemma 41, we obtain:
The following is analogous to Remark 28:
Remark 42. If q = 0 then Br(ω r−1 ) = Br(ω r ) = 1. Otherwise g 0 is a square in G, so we may shift the grading on V and assume g 0 = e. Then we can define
xi , and the support of the graded division algebra representing [Br(ω r−1 )] = [Br(ω r )] is the subgroup of g 1 , . . . , g q given by
Thus, it is an elementary 2-group of (even) rank ≤ q − 2.
Consider the case |T | = 4. Here T = {e, a, b, c}, β(a) = β(b) = 1 (i.e., X a and X b are symmetric). The G-grading on L is determined by g 0 ∈ G and a multiset Ξ = {g 1 , . . . , g r } satisfying (22) with k = r. Note that q and r have the same parity. Also note that t i ∈ {e, a, b} for all i = 1, . . . , q.
Fix χ a , χ b ∈ G such that χ a (t) = β(a, t) and χ b (t) = β(b, t) for all t ∈ T . Set χ e = 1 and χ c = χ a χ b . Then {χ e , χ a , χ b , χ c } is a transversal for the subgroup T ⊥ of G.
Sinceβ(χ a , χ b ) = β(a, b) = −1, Lemma 38 tells us that the group commutator of the corresponding invertible elements s χa and s χ b of Cl0(V ) is a nonscalar central element of the spin group, so we may set
,
For any t ∈ T , define
Then I c = ∅ and the sets I e , I b , I c form a partition of {1, . . . , q}. Now, the distinguished element h is given by
γ ± (χ aj , ψ) = 1 andγ ± (χ bj , ψ) = 1 for any ψ ∈ T ⊥ . Since T ⊥ together with χ aj and χ bj , j = 1, 2, generate the group G, we conclude that ψ is in radγ ± , as claimed. Define a homomorphism
The kernel of f is precisely T ⊥ , and we have just shown thatγ ± factors through f . Note that β(·) is given by
2 . Also, χ bj (t) = x j and χ aj (t) = y j , j = 1, 2. Now write t i = a
Lemma 38 tells us that the group commutator of the corresponding invertible elements s χ ′ and s χ ′′ of Cl0(V ) is a nonscalar central element of the spin group, so we may set
Then we have, by (26), thatγ + (χ b1 , χ a1 ) = [π + (s χa ), π + (s χ b )] = 1. Finally, using Lemma 41 again, we compute:
To summarize our calculations, define a 4 × 4 matrix with entries in Z 2 as follows:
where, for any t = a 2 with β(t) = 1, the symmetric matrix M + (t) is
Then, for any χ 1 , χ 2 ∈ G,γ + (χ 1 , χ 2 ) is given by
Finally,γ − =βγ + by Proposition 39.
Remark 44. The supports of the graded division algebras representingγ + andγ − are contained in T , so each of them is an elementary 2-group of rank 0, 2 or 4.
Consider the case |T | > 16 (hence r is even). Say, |T | = 2 2m with m > 2, so T = a 1 , . . . , a m × b 1 , . . . , b m , β(a j ) = β(b j ) = 1 for j = 1, . . . , m. Using the same notation as in the previous case, we obtain from Lemma 41 that T ⊥ ⊂ radγ ± andγ ± (χ u , χ v ) = 1 where u and v are any of the elements a j , b j except for the cases u = a j , v = b j or u = b j , v = a j . Defining z appropriately, we may assume thatγ + (χ a1 , χ b1 ) = 1. But then, using Lemma 41 again, we compute for j > 1:
Therefore, for all χ 1 , χ 2 ∈ G, we obtain: 
7.4.
Outer gradings on so 2r (F). Now suppose that the given grading on L = so 2r (F) is outer, i.e., the image of G in Aut(L) is not contained in Int(L). We remind the reader that, in the case r = 4, we assume that we have a matrix grading, i.e., the action of G fixes the natural module V = V ω1 . (This is automatic for r = 4.) So, the elements χ ∈ G act on L as conjugations by similitudes u χ of V and there exists χ ∈ G such that u χ is improper. Recall that this can happen only for |T | = 1 or 4 and, moreover, there is a distinguished element h ∈ G of order 2, which is characterized by the property that the corresponding G-grading is inner, where G = G/ h (see Lemma 33 and Definition 34). Also recall that H ωi = {e} for i < r − 1 and H ωr−1 = H ωr = h . Denote K = h ⊥ ⊂ G, so K = K ωr−1 = K ωr .
Since {ω r−1 , ω r } is a G-orbit, we have Br(ω r−1 ) = Br(ω r ) in the G-graded Brauer group. This implies that Br(ω 1 ) is trivial in the G-graded Brauer group, i.e., the G-grading on L is induced from a G-grading on V . (This can also be seen from the fact that h ∈ T if |T | = 4.) Consider the case |T | = 1. Already the G-grading on L is induced by a G-grading on V , so it is determined by g 0 ∈ G and a multiset Ξ = {g 1 , . . . , g 2r } satisfying (14). For the G-grading, we just have to take g ′ 0 = g 0 ∈ G and Ξ ′ = {g 1 , . . . , g 2r }.
Consider the case |T | = 4. Here T = {e, a, b, c}, β(a) = β(b) = 1 (i.e., X a and X b are symmetric). The G-grading on L is determined by g 0 ∈ G and a multiset Ξ = {g 1 , . . . , g r } satisfying (22) with k = r. The operators u ψ , ψ ∈ K, commute with each other, so they define a common eigenspace decomposition of V . Explicitly, writing V = W ⊗ D N and u ψ = diag(ψ(g 1 ), . . . , ψ(g r )) ⊗ X t , t ∈ {e, h}, we see that v 2) If m r−1 = m r , then H λ = {e} and Br(λ) =β
m2i−1 , withβ : G × G → F × being the commutation factor associated to the parameters (T, β) of the grading on L.
Proof. 1) Since we are dealing with an inner grading by G = G/ h , we apply Theorem 46 and take into account that, with respect to our G-grading,β = 1 and henceγ + =γ − are given by equation (29), of which equation (34) is a restatement with the data pertaining to the G-grading.
2) Here λ = Thus, it suffices to show that Br(ω r−1 + ω r ) = 1 if r is odd, β if r is even.
In the G-graded Brauer group, we can write Br(ω r−1 + ω r ) = Br(ω r−1 )Br(ω r ) by Proposition 10, so Br(ω r−1 +ω r ) = 1 by Proposition 39. (Recall that the restriction ofβ to K is trivial.) If r is odd, then we actually have Br(ω r−1 + ω r ) = 1 in the G-graded Brauer group, thanks to Proposition 12, since V ωr−1 and V ωr are dual to each other. So assume that r is even. Denoteγ = Br(ω r−1 +ω r ). The fact that Br(ω r−1 +ω r ) is trivial in the G-graded Brauer group means thatγ(ψ 1 , ψ 2 ) = 1 for all ψ 1 , ψ 2 ∈ K. Fix χ ∈ G \ K (i.e., χ(h) = −1). It will be sufficient to show thatγ(χ, ψ) =β(χ, ψ) for all ψ ∈ K. We will again use the models S ± for the modules V ωr−1 and V ωr . By our choice of χ, we have S ± ∼ = (S ∓ ) χ , and we are going to apply Proposition 11. Let S = S + ⊕ S − . Then Cl(V ) can be identified with End(S) as a Z 2 -graded algebra. Since the similitude u χ is improper, the corresponding element s χ is odd, i.e., it swaps S + and S − . Recall that, by definition of the G-grading on Cl0(V ), we have χ * x = s χ xs −1 χ for all x ∈ Cl0(V ), where * denotes the G-action associated to the G-grading. Since the imbedding π : L → Cl0(V ) respects the G-grading, s χ : S → S χ is an isomorphism of L-modules, so we may use u ′ = s χ | S + and u ′′ = s χ | S − in Proposition 11. According to that proposition,γ is the commutation factor associated to the G-graded algebra R = End(S + ⊗ S − ) = End(S + ) ⊗ End(S − ), where the G-grading is obtained by refining the G-grading using the conjugation by the operator u = (u ′′ ⊗ u ′ ) • τ on S + ⊗ S − , with τ : S + ⊗ S − → S − ⊗ S + being the flip. It is convenient to consider R as imbedded into End(S ⊗ S) by virtue of the decomposition S ⊗ S = (S + ⊗ S + )⊕(S + ⊗ S − )⊕(S − ⊗ S + )⊕(S − ⊗ S − ). Recall that the G-grading on End(S ± ) is associated with the K-action ψ * x = s ψ xs −1
ψ for x ∈ End(S ± ). It follows that the G-grading on R is associated with the K-action ψ * x =ũ ψ xũ −1 ψ wherẽ u ψ is the restriction of s ψ ⊗ s ψ to S + ⊗ S − . By the definition of the refinement in Proposition 11, the G-grading on R is associated to the extension of this K-action to a G-action obtained by setting χ * x = uxu −1 . By definition of commutation factor,γ(χ, ψ) is the group commutator of u andũ ψ . But u is the restriction of (s χ ⊗ s χ ) • τ to S + ⊗ S − , so it will be sufficient to compute the group commutator of s χ ⊗ s χ and s ψ ⊗ s ψ (since the flip clearly commutes with these operators). But by Lemma 38, we know that [s χ , s ψ ] ∈ {±1} ifβ(χ, ψ) = 1 and [s χ , s ψ ] ∈ {±z} if β(χ, ψ) = −1. It follows that [s χ ⊗ s χ , s ψ ⊗ s ψ ] is 1 in the first case and z ⊗ z in the second case. But z acts as 1 on S + and −1 on S − , so the restriction of z ⊗ z to S + ⊗ S − is −1. Therefore,γ(χ, ψ) =β(χ, ψ), as desired. i=1 m 2i−1 is even.
